Investors' beliefs are the driving force behind the trading of stocks and, hence, sustainable stock returns. Although investors' beliefs are usually unobservable, this study develops a new approach to estimate investors beliefs. Following well-established rational learning and market microstructure models, it is assumed that informed traders submit market orders according to their beliefs, whereas market makers/uninformed traders make Bayesian inferences about the informed traders' private signals after observing the total order flows. By fitting intraday transaction data to this model, we can estimate the daily belief uncertainties of informed and uninformed investors; this estimation is performed on S&P 500 stocks. The belief parameters estimated by this approach have incremental explanatory power to bid-ask spreads. The findings show that market makers' belief uncertainty plays a more important role in determining sustainable stock returns than informed traders'. Implications of these findings include: (a) the larger market maker group is influencing the market trends; (b) this dominant group is making decisions based on diverse types of data; and (c) increased understanding of the diversity of belief parameters may facilitate strategies to enhance sustainable returns, however, stock trading is still significantly influenced by emotive factors worthy of further research.
Introduction
Bubbles are common in financial markets. When these bubbles are eventually burst, it often results in catastrophic consequences for the markets, and the negative impacts often last for several years. In this sense, sustainable growth of financial markets depends crucially on preventing the formation of bubbles. The numerous causes of bubbles can include the unrealistic, untrue, and unsustainable beliefs of traders, so assessing these beliefs is a logical starting point for investigating sources of bubbles. However, traders' beliefs are not directly observable. In this paper, we develop a method to indirectly measure traders' beliefs based on observed series of prices and orders.
One reason why people trade stocks is that they believe current stock prices differ from what they should be, or their true value. The more certainty traders have in their beliefs, the more aggressively they will trade, although they may be concerned that they know less about the stocks than other traders. And this uncertainty is very likely to affect trading. However, assessing traders' beliefs is important for us to understand their trading behavior. Unfortunately, traders' beliefs are seldom directly observable, and finance researchers have to rely on proxies-accounting report quality, analyst coverage, operation opacity, etc.-to measure traders' beliefs [1] . It would be logical to expect that the economic activities behind these proxies are correlated with some aspects of traders' beliefs, but it is hard to enumerate all factors affecting traders' beliefs. In this paper, we use a different approach to measure traders' beliefs.
While traders trade on their beliefs, an individual's trading activity may reveal his/her belief to other traders [2] . Accordingly, traders update their beliefs as they participate in trading. The updates may lead to new or modified trades, and the new trading may lead to newer beliefs, and so forth. In this way, the trading process reflects the evolution of traders' beliefs, which makes it possible to infer beliefs from trading. There are informed traders, market makers, and noise traders [3, 4] . Traders' beliefs follow normal distributions. Initially, informed traders have private signals over market makers. Then, informed traders place orders of optimal sizes according to their beliefs. These orders are mingled with those of noise traders. Market makers and informed traders observe the order flows, make inferences, update their beliefs, and then respectively adjust prices and make further trading.
Traders' belief parameters can shed new insights into some empirical issues. Information asymmetry may have contrary effects on traders' actions [5] . Information asymmetry hinders traders in trading stock because of the adverse selection problem it creates, while it also makes price more informative due to the informed trading it induces. With the help of our estimates of traders' belief, we demonstrate that the second effect dominates. Whilst information asymmetry plays some role in determining stock prices, market makers' belief uncertainty seems to be a more important factor in terms of the rise and fall of stock prices. Therefore, our results show that to maintain a sustainable growth of financial markets, it is important to increase the information environment of the relatively less informed investors.
There is a large body of literature on how traders update their beliefs during trading [3, [6] [7] [8] [9] . Early rational expectation studies established that traders determine their optimal positions on assets according to their own beliefs and a public information indicator-stock prices [6] . In other words, current price conveys other traders' previous beliefs, and new traders consider this information when they trade. Bayesian learning research further explains how traders' beliefs change upon observing new information [10] . In these models, traders/agents follow Bayesian rules to update their beliefs when new information is received, and the rules specify the weight traders put on various sources of information. However, both rational expectation and Bayesian learning literature often emphasize finding and characterizing equilibria. Unsurprisingly, these models are not specific on the high frequency details of traders' belief-action interactions. The lack of these details creates difficulties in making reliable econometric inferences.
The models in market microstructure literature often provide detailed analysis on how price changes as a response to incoming orders [11] . To the extent that prices reflect market makers' beliefs, these models deal with traders' belief-action interactions at high-frequency. In addition, these models often divide traders into different groups according to their relative informational advantages [12] . Accordingly, market microstructure models can depict much finer pictures of trading and traders' beliefs. However, in Bayesian learning terms, the assumptions of traders' beliefs in market microstructure models are simplistic. For example, new information is often assumed to cause the same amount of change in traders' beliefs over time, whereas a Bayesian trader's belief change should vary with the frequency and accumulation of new information [10] .
Our estimates of traders' belief parameters can well explain the stocks' bid-ask spreads. Moreover, we show that market makers' belief uncertainty is a key factor determining daily stock returns. Belief uncertainty depresses traders' willingness to hold the stock, leading to lower contemporaneous stock return and higher future return.
This study contributes to understanding of the topic by providing a new set of traders' belief parameters. Conventional belief proxies are on a quarterly or even annual basis. However, as highlighted by Tannous et al. [13] , traders' beliefs have large variations even over very short periods. So conventional belief proxies cannot explain fluctuations within quarters. Furthermore, conventional belief proxies do not distinguish between beliefs of different traders. Despite some common factors affecting all traders' beliefs, different traders' beliefs are likely to vary because of their differing information sources, analytical and interpreting skills.
The approach of this study is not based on what correlates with traders' beliefs, but to infer belief parameters from their trading; specific objectives are: (a) to incorporate both Bayesian learning and market microstructure models to develop a new model of how traders' beliefs are updated during trading; (b) to estimate the diversity of traders' belief parameters; and (c) investigate relationships of trader uncertainty, informational equality, and incorporation rates.
Methods

The Traders' Belief Settings
Following the literature, this model divides all traders into three groups: market makers, informed traders, and noise traders. Because market makers are just the mechanism to set price, we assume market makers have the same belief, whereas, informed traders and noise traders have different beliefs. At the beginning of trading, market makers acquire a common signal c about the firm value per share v:
Equation (1) writes the belief's variance in the form of its reciprocal i.e., τ −1 c . This accords with the literature, which uses the variance's reciprocal τ c as the signal/belief value. Unlike market makers who share an identical belief, informed and noise traders have differing beliefs. We use i ∈ [0, I] and h ∈ [0, 1] to designate the informed traders and noise traders, respectively. All informed traders also know the common signal c. Besides c, each informed trader i also acquires a private signal
s . The private signals have the same precision, i.e., τ −1 s , among informed traders. The diversity of private signals comes from s i , which is only known to informed traders i. According to the Bayesian theorem, after observing signals c and s i , an informed trader i believes that v|c,
Equation (2) demonstrates the useful property of Bayesian learning with normally distributed beliefs. That is, both pre-and posterior prior beliefs follow normal distributions. The posterior mean is the "precision-weighted" average of the prior belief and the new signal; and the posterior precision is the sum of the prior's and new signal's precisions. Vives [10] gives a formal proof of these properties.
Having initiated the beliefs of market makers and informed traders, we start investigating the trading process. At the beginning of each round t of trading, market makers set the stock price p t , which is equal to their mean belief. In reality, the price of a particular stock at a particular time is not quoted as a single value, but as a set of bid prices and a set of ask prices. However, market microstructure literature has shown that the midpoint of the best bid and ask prices reflects the current beliefs of market makers [14, 15] , in this instance, the stock price p t in our model should be viewed as the midpoint of bid-ask price at time t.
After market makers set price p t at the beginning of trading round t, informed and noise traders submit orders anonymously. To equate the buy and sell orders, market makers set a new price p t+1 , which starts trading round t + 1. In other words, we do not assume the equilibrium price to be established instantly, but rather to be found in a trial and error process. The way equilibrium price is established distinguishes two schools of thought. The earlier literature adopts auction models [14] [15] [16] [17] . In auction models, there are no rounds of trading. All traders submit orders at the same time. Then an equilibrium price is established by maximizing the transaction volume when buyers and sellers are matched. Although theoretically insightful, the auction models are distant from what happens in the real stock markets, where trades occur second by second, and no price can be nominated as being in equilibrium. To shed more light on the price dynamics in real stock markets, more recent literature begins to examine how prices, trades, and beliefs interact with each other in a sequential setting [14] [15] [16] [17] . This recent literature is not interested in equilibrium prices, which are not empirically well defined or readily testable. On the contrary, this school of thought focuses on the trade-price process through which an equilibrium can be achieved eventually. Our model is consistent with this recent approach.
The Update of Beliefs
Since our model allows for rounds of trading, traders update their beliefs after observing each round of trading. New beliefs stimulate new trading, and so on and so forth. We now use a mathematical model to demonstrate this belief updating process.
In round t, let x i,t , and y h,t denote the order size of informed trader i and noise trader h, respectively.
Therefore, the total order size is q t = I 0 x i,t di + 1 0 y h,t dh. Notice that q t is known to all market participants once the orders are submitted and executed. Therefore, q t serves as a new signal to all traders.
Noise traders do not trade on the basis of any information, hence the name "noise". It follows that the order size of each noise trader should be independent. Let us further assume that noise traders independently choose their order size from N 0, σ 2 n , i.e., 1 0 y h,t dh ∼ N 0, σ 2 n . Informed traders trade on their own beliefs. To determine how their beliefs affect their trades, we assume that informed traders are utility maximizers. Let informed traders' utility function be U(w) = − exp(−ρw), where ρ is the trader's risk aversion coefficient and w is the wealth. For informed trader i who believes v ∼ N v t , τ −1 t , a standard mathematical practice in asset pricing literature can show that
According to Equations (2) and (3), informed trader i's order size in round t = 1 is
When market makers and informed traders observe the total order q 1 , which includes x i,1 and orders from noise traders, they infer v based on q 1 . For market makers, although they do not know s i , they do know that s i |v ∼ N v, τ −1 s and consequently the following two equations:
Informed traders also want to infer v based on q 1 because they only have their own imprecise private signals, and knowledge of other informed traders' private signals assists in enhancing their belief precision. To show how informed traders make inferences, we first write informed trader i's conditional belief of q 1 as
Then we can apply the Bayesian theorem to Equations (1) and (6) and calculate the market makers' posterior belief v|c, q 1 at the end of round 1 as:
Given that market makers always set prices based on their own beliefs, stock price in the beginning of trading round t = 2 is p 2 = E(v|c, q 1 ).
Similarly, applying the Bayesian theorem to Equations (2) and (7), we can determine the informed trader i's posterior belief v|c, s i , q 1 as:
The posterior beliefs of market makers and informed traders specified by Equations (8) through (11), in turn determine p 2 and q 2 in round t = 2. In round t = 2, similar belief updating occurs, leading to the next price p 3 at the start of the next round of trading q 3 . By induction, at the end of round t, we have
where q (t) = q 1 , q 2 , . . . , q t and
Now considering Equations (12) and (13) in more detail; as these define the updated beliefs of market makers and informed traders, respectively. Notice that we assume all traders' beliefs to follow normal distributions, and all normal distributions can be determined by two parameters, i.e., mean and variance. This means that we can interpret the belief updating process by looking at how the mean and precision (reciprocal of variance) of beliefs evolve over time.
At the end of round t, market makers' and informed traders' belief precisions are τ c + tτ q and τ c + τ s + tτ q , respectively. After each round, the belief precisions of both market makers and informed traders are enhanced by the same amount τ q .
At the end of round t, market makers' and informed traders' belief means are the precision-weighted average of all information that they have. Specifically, Equations (12) and (14) demonstrate that market makers have two pieces of information: the initial common signal c and the history of t rounds of orders. The precision of c is a constant τ c . The precision of each round of order is also a constant, i.e., τ q . Therefore, the relative precisions, hence the weights, of the common signal c and of each order are τ c / τ c + tτ q and τ q / τ c + tτ q , respectively.
Equation (14) describes the history of trading and translates it into a new signal. Although the right-hand side of Equation (14) appears complex, it can be viewed as two parts. The first part consists of the terms in the round bracket. It is easy to prove that 0 < 1 − τ q /τ s < 1. Thus, the first part serves as a discount factor, which discounts each round of orders to its present value. This discount term gives more weight to more recent orders. In other words, the more recent an order is, the more informative it is. This property makes intuitive sense because the informativeness of orders depends on informed traders' belief precisions. Over time, informed traders' beliefs become more precise, leading to a more informative order flow.
The second part, in the square bracket of Equation (14) can be viewed as a translation term, which translates the total order size q k in round k into new signals. The translation term of Equation (14) is similar, with the equation defining informed trader i's order size x i,t in Equation (3). To show this point, let us rearrange Equation (3) in the following form:
In the above form of Equation (16), it demonstrates that Equation (3) is actually also a translation function, which translates informed trader's order size x i,t to a mean belief. Equation (14) is much more complicated than Equation (16) simply because the former adjusts for the information precision of all rounds of orders.
Relationship Between Prices and Order Flows
As we have shown that beliefs, prices, and orders interact with each other, we will now proceed to establish the mathematical relationships between them. First, the Equations (12) and (13) can be rewritten as:
where
and
where e q,t+1 ∼ N 0,
Rearranging Equations (17) and (19), we have
Equation (21) includes the price series p t , order series q t , and a zero-mean normally distributed error term { t }, along with some scalar parameters. In this form, Equation (21) demonstrates the mathematical relation among beliefs, prices, and orders. Moreover, Equation (21) can also be viewed as a regression function of the next order on the previous orders and prices. This regression function has two main implications, which are discussed below.
First, Equation (21) illustrates a positive autocorrelation among order series q t , which is consistent with empirical results in prior studies (see Van Ness et al. [18] for a brief summary of these results). Second, the coefficient of q t−1 is 1 + τ q /τ s , which is strictly larger than 1. However, it does not imply the order series q t will explode over time. That is because the second term of the right-hand side of Equation (21) exerts an opposite effect on the next order. For example, let us assume the previous order is a buy order, i.e., q t−1 > 0. Apparently, this buy order moves the price up, i.e., p t − p t−1 > 0. Therefore, the second term is negative, causing the next order q t to be smaller.
Data and the Belief Estimation Procedure
Since Equation (21) can be viewed as a regression, and the variables p t and q t are observable, we can use this regression function to estimate its unobserved parameters: τ s , τ c , τ q , and ρ/I. The first three parameters are of great economic interest as they represent the precision of informed traders' private signals, the precision of common signals, and the precision of the signal conveyed by order flows, respectively.
We apply this estimation to the data of S&P 500 index constituent stocks over the period between 1 January 2003 and 31 December 2011. To avoid the impacts of S&P 500 index constituent changes, we have excluded the first month for newly added stocks and the last month for newly removed stocks.
The estimation requires detailed series of prices and orders. This paper uses the NYSE's Trade and Quote (TAQ) database, which provides order-by-order trades and quotes data. Before the estimation, we clean TAQ raw data in the following ways. First, trades that occur at the same time and price are aggregated as one trade. Second, earlier microstructure literature routinely adjusts the timestamps in pre-2000 TAQ data [19] . It is unclear whether similar timestamp adjustments should be applied to post-2000 TAQ data [20] . Specifically, Bessembinder [21] and Boehmer and Kelley [22] do not adjust timestamps, whereas Brennan et al. [23] and Tannous et al. [13] do. In this paper, we use both time-adjusted and time-unadjusted data; however, as results are quantitively similar, we only report results of time-unadjusted data.
We also removed obviously erroneous data entries from the raw data according to widely accepted principles [24, 25] . These omitted trade data entries are: (1) out of time sequence order executions;
(2) trades with an error or correction indicator; (3) trades that are not settled in standard ways; (4) trades that are associated with exchange acquisitions or distributions; (5) trades that are not preceded by a valid same-day quote; (6) trades that are executed at a price changed 50% from that of the previous trade. The removed t quote data entries are: (1) quotes with negative bid or ask prices; (2) quotes with negative bid-ask spreads; (3) quotes with bid-ask spreads larger than $5; (4) quotes with the midpoint of bid and ask prices changed by 50% from the previous same-day midpoint; and (5) quotes associated with trading halts or designated order imbalances.
After cleaning the raw data, we apply an estimation for each stock on each trading day, using a maximum likelihood method. To avoid local optima, we run the estimations 10 times with different initial values and keep the estimates that have the largest likelihood.
Definitions and Estimates of Belief Parameters
The estimation generates estimates for four parameters: τ s , τ c , τ q , and ρ/I, although the last parameter is not of interest in this paper and is not reported. The first three parameters represent information precisions of informed traders' private signals, common signals, and the signal conveyed by order flows. To better interpret these three parameters, we define three variables. The first variable is belief uncertainty. It is actually the price-adjusted precision. The rationale for the adjustment is as follows. Precisions are mathematical variations of prices, and thus stocks with higher prices necessarily have smaller precision values. This fact prevents comparisons of belief precisions among stocks with different price levels. Specifically, we define belief uncertainty by the following Equation:
Belief uncertainty = 6 × τ −0.5 Average transaction price during the day .
In Equation (23), informed traders' τ is τ c + τ s and market makers' is τ c . Equation (23) uses average transaction price during the day to proxy for true value of the stock. As that precision τ is the reciprocal of belief variance and we assume the beliefs are normally distributed, then Equation (23) uses 6 × τ −0.5 to represent the range of likely prices. Belief uncertainty is a measure of how uncertain traders are about the signals. The larger the belief uncertainty is, the more uncertain traders feel.
The second variable we define is information equality, which measures the informational advantage of informed traders over market makers. This variable is defined as:
Information equality =
Informed traders belief uncertainty Market makers belief uncertainty .
Information equality can be viewed as an inverse measure of information asymmetry, for the following reasons. When the information asymmetry is severe, the informed traders are much more certain than market makers. In this case, the numerator of information equality is relatively smaller, leading to a smaller information equality. The third variable we define is information incorporation rate. This variable focuses on how aggressively market makers adjust prices after observing order flows. The level of aggression of market adjustment is dependent on how much weight market makers put on the signals conveyed by order flows. If the signal conveyed by order flows is more informative relative to their own common signal c, i.e., τ q is relatively larger than τ c , then market makers put more weight on the order flow signal and adjust prices more aggressively. Accordingly, we define information incorporation rate as follows:
In this instance, the aggressiveness of market makers' adjustments of prices should decrease over time, because after observing more and more rounds of orders they become less and less uncertain, thus putting less and less weight on the signal of the newest orders. In this context, one should view the variable information incorporation rate as a proxy for the decreasing aggressiveness of price adjustments. Another property of this variable is that it also measures how quickly prices can fully incorporate all information in the market.
Results and Discussion
Belief Parameter Estimates over Time
Prior to empirical testing of belief estimates we summarized the annual estimates over the study period (see Table 1 ). Table 1 summarizes the estimates of belief parameters during each year. On average, informed traders' belief uncertainty is 0.0198, which means that if the unknown true stock price is $100, then informed traders generally believe the stock price should be between $99.01 and $100.99. Similarly, market makers' average belief uncertainty is 0.0774, indicating that they generally believe that the stock price should be between $96.13 and $103.87. Both informed traders' and market makers' belief uncertainty is larger in the years 2008 and 2009, probably due to the financial crisis. The average informational equality is 0.4329, meaning that market makers feel half as certain as informed traders. The informational equality shows large variations with some stocks having informational equality as low as 0.09. In other words, informed traders' beliefs are 10 times more precise than market makers.
However, some stocks have informational equality close to 1, indicating little information asymmetry; this is likely to be true for large and closely monitored firms in the USA. The information incorporation rate also shows great variation. For some stocks the incorporation rate is almost 0, so trading in these stocks hardly carries any new information. 
Characterizing Belief Parameters
The belief parameters estimated by our model, separately depict the belief uncertainties for informed traders and market makers. These two groups of traders' beliefs are all affected by the firm's information environment which, in turn, is determined by factors such as the quality of the firm's financial reporting, operation opacity and analyst's coverage, etc.; this implies that belief parameters may exhibit correlations. Table 2 summarizes these correlation coefficients. The correlation coefficient between informed traders' and market makers' belief uncertainty is 0.43, indicating that there may be common underlying factors that affect the information environment for all traders. Information equality should be positively correlated with informed trader's belief uncertainty, and negatively correlated with market makers' belief uncertainty, which the table values confirm. Ifmd. belief uncertainty is informed traders' belief uncertainty, MM. belief uncertainty is market makers' belief uncertainty, Info. equality is the informational equality, and Incp. rate is the information incorporation rate. *, **, and *** denote significance at 10%, 5%, and 1% levels, respectively.
Information incorporation rate is positively correlated with market makers' belief uncertainty, and negatively correlated with informed traders' belief uncertainty. This relationship makes sense, because with larger belief uncertainty, market makers put more weight on new information, adjusting price more aggressively. Then when informed traders' belief uncertainty is larger, they trade less aggressively, making order flows less informative, which leads to a lower information incorporation rate. However, the correlation between informed traders' belief uncertainty and information incorporation rate is low, though still significant. This suggests that informed traders are playing a less important role than market makers in the market. Similarly, information incorporation rate is also negatively correlated with informational equality, because when market makers feel equal with informed traders in terms of information advantage, market makers are less keen to seek new information, thus adjusting prices less aggressively. However, comparing the correlation with information incorporation rate, market makers' belief uncertainty has a much stronger correlation than informed traders' belief uncertainty or informational equality does. These results indicate that the level of uncertainty of market makers is more important in determining the aggressiveness of price adjustment.
Besides the correlations among belief parameters, a firm's information environment may also induce persistence in belief parameters, because the information environment is likely to be stable over a long-time horizon. Thus, daily belief parameters should be persistent with time. To investigate this persistence, we subjected the belief parameters to regression in relation to their lags. Table 3 summarizes the regression results. When dealing with panel data, Petersen [27] recommends using the Fama and MacBeth [26] regression for asset pricing applications, and using standard errors clustered within firm and/or time for corporate finance applications. Table 3 shows that both traders' belief uncertainty and informational equality are highly persistent, at least up to lag 5. This persistence reflects the stable nature of a firm's information environment. Information incorporation rate is also persistent, but to a lesser extent. The coefficients of lag 4 and 5 are only marginally significant.
Although a firm's stable information environment can cause persistence in belief parameters, informational events happen frequently to firms. With the help of rapidly expanding information technologies and the internet, an event can be known to traders across the globe within a second, changing millions of traders' beliefs. So, it is logical to expect large variations in daily belief parameters. To measure the variation of belief parameters, we first calculate the standard deviation and mean of each belief parameter for each stock within each month. Then, we divide the standard deviation by the mean, so the result measures the variation of the belief parameter relative to its average value within a month. We call this result monthly variation of the belief parameter. Table 4 reports the distribution of monthly variation for each belief parameter. The median monthly variations of informed traders' and market makers belief uncertainty are 0.97 and 0.59, respectively. These variations are large. Within a month, an average trader's belief uncertainty is very likely to double from day to day, as the standard deviation of the belief uncertainty is close to its mean. Notably, informed traders' belief uncertainty has larger variation than that of market makers' belief. Informational equality and information incorporation rate also have large variation. Additional background analyses (not summarized here) showed the variations within quarters are even larger. The large variations demonstrate that the information environment proxies used in prior studies-for example, asset tangibility, accounting accruals, cash flow volatility, and probability of informed trading (PIN), -do not incorporate significant amounts of information. The belief parameters estimated by our model can provide finer measurements of the information environment. 
Traders' Belief Uncertainty and Bid-Ask Spread
Prior studies have established that bid-ask spreads are the compensations for market makers providing liquidity. The adverse selection problem facing market makers is one of the determinants of bid-ask spreads [14] [15] [16] [17] . Traders' belief uncertainty and informational equality can directly measure this adverse selection problem. Specifically, when market makers' belief uncertainty is larger, they are more concerned about adverse selection. Thus bid-ask spreads should be wider. When informational equality is lower, market makers believe that informed traders know the firm much more precisely than they do. Then, adverse selection is more acute for market makers and bid-ask spreads should be wider. As for informed traders' belief uncertainty, besides its effect captured in informational equality, it has another effect on bid-ask spreads. Informed trading makes price informative, causing market makers' belief to become more precise. Informed traders' belief uncertainty should affect bid-ask spreads in the same direction as market makers'. Therefore, the first hypothesis that this paper tests is: Hypothesis 1. Both informed traders' and market makers' belief uncertainty are positively related with bid-ask spreads, whereas informational equality is negatively related wit bid-ask spreads.
To test H1, we have undertaken regression of percentage bid-ask spreads on informed traders' and market makers' belief uncertainty and informational equality. Prior studies have shown that some stock attributes affect bid-ask spreads [1, 13, 28, 29] . For example, market makers set narrower spreads for stocks with higher prices, because the fixed processing costs can be spread over a higher value. When the volatility of price is larger, market makers demand a larger compensation for providing liquidity, leading to a wider spread. Larger firms are more transparent, so the adverse selection problem is less severe, and market makers set narrower spreads. For stocks with more active trading, market makers find it easier to rebalance their inventory, so the spreads can be narrower. These variables are the control variables in the regression.
In Column 1 of Table 5 , market makers' belief uncertainty is positively and significantly related to bid-ask spreads, which is consistent with the hypothesis that when market makers feel more uncertain, they set wider spreads. In Column 2, when adding informational equality as an additional explanatory variable, the coefficient of market makers' belief uncertainty remains positive and significant, while informational equality is negatively and significantly related to bid-ask spreads; this latter finding indicates that information asymmetry leads to wider spreads. In Column 3, we further add informed traders' belief uncertainty as an explanatory variable. The signs and significance of coefficients of market makers' belief uncertainty and informational equality remain unchanged. Informed traders' belief uncertainty is positively and significantly related to bid-ask spreads, supporting the hypothesis that informed trading leads to narrower spreads after controlling for information asymmetry. Although informational equality, market makers' and informed traders' belief uncertainty are significantly associated with bid-ask spreads, the magnitude of their effects are different. In Column 3, one standard deviation change in market makers' belief uncertainty causes the spreads to change by 0.13 basis points, whereas the changes caused by one standard deviation change in informational equality and informed traders' belief uncertainty are 0.09 and 0.07 basis points, respectively. Therefore, market makers belief uncertainty plays a much more important role in determining bid-ask spreads than does informed traders' belief uncertainty or informational equality.
The control variables show coefficient signs consistent with those in prior studies. 1/Price and volatility of transaction price are positively associated with bid-ask spreads. Firm size (log(size)) and turnover are negatively associated with bid-ask spreads.
Information Risk and Stock Returns
Is information asymmetry a pricing factor? This question has drawn much attention since Easley et al. [30] ; Easley and O'Hara [31] argued that information asymmetry generates an "information risk", which commands a risk premium. However, this argument faces many challenges. Of particular note is the model of Lambert et al. [32] , which shows that information asymmetry, per se, is not a pricing factor. What matters is traders' information precision, which determines their willingness to hold stock. Furthermore, Wang [5] developed a model in which information asymmetry has two contrary effects on traders' willingness to hold stock. On one hand, information asymmetry deters uninformed traders' willingness to hold the stock, on the other hand, information asymmetry implies more informed trading and a more informative price, which increase willingness. Empirical tests on the relationship between information risk and stock return are far from definitive, partly due to the lack of good proxies for information asymmetry. Belief parameters can provide more insight into this issue.
Equation (3) of our model echoes the key conclusion of Lambert et al. [32] . That is, traders tend to hold riskier assets if they feel more certain about the asset value. It follows that with lower information uncertainty, stock price should be higher, and contemporaneous stock return should also be higher. To test this hypothesis, we can analyze (by regression) daily stock returns on market makers' and informed traders' belief uncertainty on the same day. According to Wang [5] , information asymmetry can both depress and enhance contemporaneous stock returns at the same time. To test which effect dominates, we can use informational equality as another explanatory variable. In summary, the second hypothesis is: Hypothesis 2. Market makers' belief uncertainty and informational equality are negatively related to the contemporaneous stock returns, whereas informed traders' belief uncertainty is positively related to the contemporaneous stock returns.
Prior studies have also documented that order imbalances can explain contemporaneous and future stock returns. In part, because order imbalances drive market makers to adjust the price in the same direction [33] [34] [35] . According to our model, market makers' belief uncertainty should strengthen order imbalances' explanatory power, because an uncertain market maker will adjust price more aggressively towards the direction of order imbalances. We can test this prediction by including, in regressions, order imbalances and an interaction term between order imbalances and market makers' belief uncertainty.
The dependent variable in Column 1 of Table 6 is the open-close return. We construct this variable following Chordia and Subrahmanyam [34] . This open-close return can be distinguished from the conventional daily stock return in three ways. 
Open-Close Return
Close-Close Return Close-Open Return Market makers' belief uncertainty is negatively and significantly related to open-close return. This evidence supports the hypothesis that belief uncertainty depresses market makers' willingness to hold the stock, leading to lower returns. Informed traders' belief uncertainty does not have significant impact on the open-close return. This could be because informed traders do not dominate the trading. Therefore, the coefficient linked to informed traders' belief uncertainty is insignificant. Informational equality is also negatively and significantly related to open-close return. It shows that after controlling for market makers' belief uncertainty, the dominant effect of information asymmetry is to make price more informative. The regression also includes the previous day's belief uncertainty and informational equality as explanatory variables. Only the coefficient of lag informational equality is significant, and it has the same sign as that of contemporaneous informational equality. We attribute this result to the persistence of informational equality.
Consistent with prior studies [34] , the coefficient of contemporaneous order imbalance is positive, and that of the lag order imbalance is negative. Both coefficients are significant. Furthermore, the interaction term between order imbalance and market makers' belief uncertainty is positively and significantly associated with open-close return; this supports our model prediction that belief uncertainty causes market makers to adjust price more aggressively towards the direction of order imbalance.
In Column 2, we regress the conventional daily stock return with the same variables as those in Column 1. Column 2's return is defined as (current day's close price/previous day's close price−1)−current day's market return, where the prices are midpoint quoted prices. This regression partly serves as verification for the regression in Column 1. The coefficient of contemporaneous market makers' belief uncertainty is still negative and significant, but that of lag market makers' belief uncertainty becomes positive and significant. This result indicates that the previous day's uncertainty leads to a lower return on the previous day and a higher return on the current day. The difference in return definitions in Columns 1 and 2 could explain why the coefficient of lag market makers' belief uncertainty changes from Column 1 to 2. Column 2's return includes the price change from the previous day's close price to the current day's opening price. Thus, the coefficient changes probably because some information uncertainty is resolved after-hours. Accordingly, market makers are now more willing to hold the stock, causing the current day's open price to be higher relative to the previous day's depressed closing price. In other words, a major price rebound happens at the current day's market opening and this argument is supported by the next regression. In Column 2, the coefficients of both contemporaneous and lag informed traders' belief uncertainty and informational equality are all insignificant. Consistent with those in Column 1, the coefficients of order imbalance and its interaction term with market makers' belief uncertainty remain positive and significant, and the coefficient of lag order imbalance is still negative and significant.
To further explore the price rebound at the current day's market opening, the regression in Although not documented here, the same regressions were run on the samples excluding the period 2007-2009, when the recent financial crisis may have significantly impacted the market. The results are qualitatively similar with those reported in Table 6 . The fact that belief parameters are persistent, including both contemporaneous and lag belief parameters in the regressions may have caused biased estimations in the regressions. We re-ran the regressions, excluding the lag belief parameters as explanatory variables, and the results were similar.
Conclusions
Traders' beliefs are the key to understanding their trading behavior and further sustainable return. Considering the difficulty of directly observing traders' beliefs, this study develops a new approach to estimate traders' belief uncertainty and their relative informational advantages, which infers traders' belief parameters from their trading. The model divides investors into three categories: informed traders, market makers, and noise traders. The first two groups of traders follow Bayesian rules to update their beliefs after they observe order flows. Their newly updated beliefs lead to adjusted stock prices and new order flows. These belief-action interactions dictate the relation between stock price series and order flow series. As both data series are readily available, estimates of traders' beliefs can be obtained.
Traders' belief parameters provide more detailed pictures for market participants and can shed light on issues that are hard to answer with coarse belief proxies. Information asymmetry has long been considered an important factor in determining stock prices and sustainable returns; however, its effect has been vague in previous theoretical models. Here we illustrate that information asymmetry works in the interests of less informed traders, because it eventually makes price more informative. Furthermore, the uncertainty of less informed traders plays a much more important role than does information asymmetry.
These findings have several general implications. First, of the three major investor groups identified, it was the market makers who appeared to have most influence on trading and therefore market trends. Second, this important investor group utilizes diverse data, but the many parameters identified that impact on beliefs possibly mitigate bias due to asymmetry in information. Third, while stock trading is clearly influenced by a number of emotive factors, that are difficult to measure, the increased understanding of the diversity and relative importance of belief parameters will be helpful in prioritizing future research. By focusing further investigations on the most important belief parameters, or combinations, so as to reduce indecision, market volatility and enhance sustainable returns. In summary, despite acknowledged study limitations, any increase in predictability with lessened volatility contributes to the sustainability of the market-in terms of increased efficiency or reduced corrective trading-and so to sustainable returns. Time weighted average of percentage bid-ask spread Percentage bid-ask spread is defined as (P a − P b )/[0.5 × (P a + P b )], where P a and P b stand for the best bid and ask quote price, respectively. For each stock on each day, we compute the weighted average of the percentage spread, with the weights being the time this spread lasts.
1/Price
For each stock on each day, price is the volume weighted transaction prices during that day.
Volatility of transaction price
For each stock on each day, the standard deviation of transaction prices during that day.
log(size)
The logarithm of market capitalization of the firm on each day.
Turnover
For each stock on each day, turnover is defined as trading volume divided by total number of shares outstanding.
